We investigate the full set of equations of motion in double field theory and discuss their O(D, D) symmetry and gauge transformation properties. We obtain a Ricci-like tensor, its associated Bianchi identities, and relate our results to those with a generalized metric formulation.
Introduction and Summary
T-duality [1] is a property of string theory that arises from the existence of momentum and winding modes in toroidal compactification. This symmetry is captured by double field theory [2] , which doubles the set of coordinates: the usual coordinates x i associated with momentum states are supplemented by coordinatesx i associated with winding states. The theory describes the massless subsector of closed string theory focusing on gravity g ij , antisymmetric tensor b ij , and dilaton fields d, all of which depend on x i andx i . With i, j = 1, 2, · · · , D double field theory has a continuous O(D, D) symmetry. 1 The constraint L 0 −L 0 = 0 of closed string theory has a field theory implication: ∂ i∂ i = 0 for all gauge parameters and fields. The strong version of this constraint requires that ∂ i∂ i = 0 for all possible products of gauge parameters and fields. Such constraint was imposed in [3] and [4] . The background-independent double field theory action [4] is written in terms of E ij = g ij + b ij and the dilaton d. The action is given by 1) where the calligraphic derivatives are defined as follows:
All upper indices are lowered by g ij = 1
2 (E ij + E ji ) and lower indices raised by g ij = (g ij ) −1 . The action is invariant under (large) O(D, D) transformations that act as follows:
The gauge transformations which leave the action invariant are given by
where
Using the strong version of the constraint, the action (1.1) is also invariant under the following Z 2 transformation:
The action (1.1) can be rewritten in a manifestly Z 2 symmetric way. (See (2.23).)
In this paper we investigate the invariance and the equations of motion of the action (1.1). We focus on the O(D, D) symmetry and the gauge transformations. By varying the action with respect to E, we first derive the Ricci-like tensor K pq , whose vanishing is the equation of motion of E. The E-variation of the manifestly Z 2 -symmetrized action gives the Z 2 -symmetric K pq , which is given by
(1.6)
Here the O(D, D) covariant derivatives ∇ and∇ are defined as follows [4] : 2
where the Christoffel-like symbols are defined by
(1.8)
The theory has both unbarred and barred indices. The first index of E ij is unbarred and the second index is barred. The index of D i is unbarred while the index ofD i is barred. The indices of g ij are either both unbarred or both barred. Throughout this paper, for notational simplicity we will not explicitly display whether an index is unbarred or barred. We derive the gauge transformation of K pq from the gauge invariance of the action. The result is as follows:
This result is rewritten in terms of O(D, D) covariant derivatives and parameters in (4.20) . From this we infer that the gauge transformation of
Contracted Bianchi identities can be derived from the gauge invariance of the action. We find
These two Bianchi identities both reduce to the Bianchi identity in General Relativity when there is nox dependence. In this limit the equations of motion R = 0 and K pq = 0 also reduce to the equations of motion in General Relativity with g ij , b ij and a scalar field φ, where e −2d ≡ √ −ge −2φ . This setup will be referred to as a conventional GR setup throughout this paper: the equations of motion and the Bianchi identity in this setup can be found in Appendix C.
Our results are closely related to those in a generalized metric formulation [5] . In this formulation the action (1.1) is written in terms of the generalized metric H M N instead of E pq . The direct variation of the action with respect to H M N gives the tensor K M N , whose vanishing is not the equation of motion since H is a constrained field. R M N is defined from K M N by implementing the constrained variation, thus the vanishing of R M N gives the correct equation of motion. The gauge transformations of R M N or K M N were not explicitly discussed in [5] . We first prove that R M N is a generalized tensor while K M N is not. Following [9] , reference [5] also discussed the vielbein formulation of the double field theory whose frame fields e M A implement a local GL(D, R) × GL(D, R) symmetry. By gauge-fixing this symmetry, this formulation can be written in terms of E. We show that R ab ≡ e M a R M N e Nb exactly coincides with −K ab given by (1.6) after appropriate gauge fixing of the local GL(D, R) × GL(D, R) symmetry. Finally using the gauge transformation property of a generalized tensor, which is given by the generalized Lie derivativesL ξ , we find another way to derive the gauge transformation (1.9) of K pq .
For many derivations in this paper, the invariances of the theory play crucial roles. The O(D, D) invariance of the action directly gives the result that K pq is O(D, D) covariant. The gauge transformation of K pq can be derived from the gauge invariance of the action. Even in the generalized metric formulation, gauge invariance is a key to understand that R M N is a generalized tensor.
E-variation of Double Field Theory Action
In this section we start with the review of early works to provide definitions and formulas that we need for the rest of this paper. We then vary the double field theory action with respect to E to obtain K pq , whose explicit form was given in (1.6). K pq is defined by varying the action with respect to E pq as follows:
Then K pq is defined by lowering indices of K pq with g ij , i.e. 
Review of previous works
Following the early work of Tseytlin [8] and Siegel [9, 10] , the work in [2] constructed the perturbative double field theory action up to cubic order. By imposing the strong version of the constraint, it was pointed out in [3] that the gauge algebra of double field theory reduces to the Courant bracket and more recent work in [4] provided the fully background-independent double field theory action. The most recent paper [5] introduced the generalized metric formulation and found much simpler expressions for the double field theory action and the Ricci-like tensor. Some definitions and formulas needed for the rest of this paper will be displayed below.
To achieve background independence, the strong version of the constraint was imposed [4] : ∂ M ∂ M kills all possible products of fields and gauge parameters in the theory i.e. ∂ M ∂ M (AB) = 0 for any A and B. 3 The constraint is equivalent to ∂ M A∂ M B = 0 and this can be written in terms of calligraphic derivatives as follows: 
and an O(D, D) tensor with upper indices U i 1 ···ip,j 1 ···jq transforms as
Here M andM are defined by
While the matrices M and M −1 depend on X (not X ′ ), this dependence is omitted in (2.3) and (2.4). We will not display the X dependence of M and M −1 explicitly throughout the paper.
In [5] the double field theory action (1.1) is rewritten in terms of the generalized metric H and the dilaton d. The action in this formulation is given by
The explicit form of H is written as
K M N is defined by varying the action with respect to H:
The explicit form of K M N is given by [5] H is a constrained field satisfying HηH = η −1 . By implementing the constraint for H in the variation (2.8), R M N is defined by (4.57) of [5] (in matrix form):
A generalized tensor A M N is defined in [5] to have the following gauge transformation properties:
where the generalized Lie derivativesL are defined as follows:
The definitions and formulas in the vielbein formulation will be introduced in section 5 since they are only needed in the last parts of the section. For some given background field E, one can define an arbitrary variation δE such that 
14)
The definition of K pq (2.1) gives
Then the following equality holds for the transformed action:
The O(D, D) invariance implies that the left hand side of (2.15) and (2.16) are equal.
Since δE is arbitrary, this shows the O(D, D) covariance of K: 
Alternative explanation of O(D, D)
covariance
tensor. This can be seen from the following simple example: 
Theorem. The E-variation of any O(D, D) tensor T (with both upper and lower indices) has the following O(D, D) structure:
The Lagrangian L of the double field theory is an O(D, D) scalar thus the E-variation of the Lagrangian must be an O(D, D) scalar. The direct E-variation of the Lagrangian L takes the following form:
Since δE pq , ∇ i (δE pq ), and∇ i (δE pq ) are linearly independent and the sum of the terms above is
The definition (2.1) of K pq requires the integration by parts for the second and the third terms in (2.21). The above E-variation of the Lagrangian can thus be rewritten as 
Calculation of K pq
The manifestly Z 2 symmetric form of the action (1.1) can be written as follows:
This action is equivalent to (1.1) using the constraint (2.2). The E-variation of the action (2.23) gives:
using the integration by parts. This K pq is equivalent to that obtained from the E-variation of the action (1.1). To see this more clearly, consider the constraint (2.2). By taking the E-variation on both sides, one obtains Under the Z 2 transformation, K pq defined in (2.24) transforms as follows:
which implies that the field equation K pq = 0 is Z 2 invariant. This symmetry becomes manifest since we have the following Z 2 transformation properties of ∇ and∇:
We obtain (1.6) by lowering indices of (2.24) using g ij , which concludes the determination of K pq . All detailed calculations are included in Appendix A. When there is nox dependence, K pq should reduce to an object which transforms covariantly under diffeomorphisms in a conventional GR setup. With some lengthy calculation, we obtain the following explicit form in this limit:
where R pq is the Ricci tensor,
is the field strength, and φ is the scalar dilaton. Note that the terms in the first square bracket are symmetric under the exchange of p and q, while the terms in the second square bracket are antisymmetric under the same exchange of indices.
Bianchi Identities and Equations of Motion
A contracted Bianchi identity can be derived in a few different ways. One derivation is starting from the Bianchi identity of the Riemann curvature tensor and then contracting it. Since we have no notion of a Riemann-type tensor in double field theory so far, we will use another way to derive a Bianchi identity, which uses the gauge symmetry of the action.
The equations of motion in double field theory are simply R = 0 and K pq = 0: the former is the equation of motion for dilaton d and the latter is the equation of motion for E. Since R was explicitly derived in [4] and the limit case of nox dependence was investigated in the same paper, we will focus on K pq especially in the limit of nox dependence. Our results in the limit of nox dependence will be compared with those in a conventional GR setup, which can be found in Appendix C.
Derivation of Bianchi identities
Bianchi identities in double field theory can be derived from the gauge symmetry of the action (1.1).
The gauge transformations of E and d are given by the following manifestly O(D, D) covariant form:
where η i ≡ −ξ i + E ij ξ j andη i ≡ξ i + E ji ξ j . Note that in the limit of nox dependence, these gauge transformations reduce to the gauge transformations (C.3) in General Relativity. The statement of gauge invariance is as follows:
where δE and δd are given by (3.1) and (3.2), respectively. The variation of the double field theory action (1.1) is
Then using the integration by parts we obtain the following:
From the gauge invariance principle (3.3), the above variation should vanish for arbitrary gauge parameters η andη. Since η andη are independent, this yields the two independent Bianchi identities given in (1.10) and (1.11), which have forms similar to the contracted Bianchi identity in Appendix C.
The limit of nox dependence
Here we first compare our equations of motion in the limit of nox dependence with those in a conventional GR setup. In this limit, the calligraphic derivatives defined in (1.2) simplify as
The
It is easy to see that this equation of motion is covariant under diffeomorphisms. Since the terms in the first square bracket are symmetric and the terms in the second square bracket are antisymmetric, the first and second square brackets should vanish separately.
In this limit the O(D, D) Ricci-like scalar is given in [4] as follows:
Thus the equations of motion of double field theory in the limit of nox dependence are summarized as
(3.8)
In this limit, it can be directly seen from Appendix C that the second and third equations of motion given in (3.8) are exactly the same as those for the antisymmetric tensor b ij and the scalar φ of General Relativity, respectively. However, the first equation in (3.8) is different from the equation of motion for g ij in Appendix C. This difference originates from the definition of a density in double field theory as compared to General Relativity. Since e −2d ≡ √ −ge −2φ , the g ij -variation gives some extra terms in General Relativity due to the √ −g factor in front of the exponential term. Due to this fact, a linear combination of the equations of motion for g ij and φ yields exactly our first equation in (3.8) as follows:
Now we can take this limit for the Bianchi identities of O(D, D) tensors (1.10) and (1.11). With nõ x-dependence these Bianchi identities respectively reduce to
The first terms in (3.10) and (3.11) vanish from the symmetries of the Ricci tensor and the Riemann curvature tensor as follows:
where the first term and the second term in the last line vanish due to the symmetric property of Ricci tensor, while the last term in the last line vanishes due to the Bianchi identity of the Riemann curvature tensor, R l[ijk] = 0.
The second and third term in (3.10) cancel each other from the Bianchi identity of H-field as follows:
where the square bracket for indices means antisymmetrization. The same cancellation applies to (3.11). The Bianchi identities (3.10) and (3.11) in the limit of nox dependence then reduce to
which is the contracted Bianchi identity in General Relativity.
Gauge transformation of K pq
The O(D, D) tensor K pq derived in (2.28) has unusual gauge transformation properties. In this section we again use the gauge invariance of the double field theory action (1.1) to obtain the gauge transformation of K pq . Then we offer some remarks on the gauge transformation of K pq . The gauge transformation of K pq is also discussed in the next section using the generalized metric formulation.
Gauge transformation from the gauge invariance principle
Consider the gauge transformation with gauge parameters ξ andξ. From [4] we have the following gauge transformation of E:
which is equivalent to the first equation in (1.4) . Here δ G is used to distinguish the gauge transformation from an arbitrary variation δ, which appears later. Now define T kq ≡∂ q ξ k −∂ k ξ q such that the above gauge transformation of E can be written as
Consider an infinitesimal variation δE for some background field E such that E ′ = E + δE. The statement of gauge invariance implies,
which can be rewritten as follows:
It can be easily seen that (4.4) holds if δ G (δE pq K pq ) = ξ M ∂ M (δE pq K pq ) since e −2d transforms as a density under gauge transformation. Since the gauge transformation δ G is a linear operation, we have
whereδK pq is the part of the transformation that gives the desired result for δ G (δE pq K pq ):
Using this decomposition, (4.5) gives
where θ pq , on account of (4.4), should satisfy
Since δE is arbitrary θ pq must vanish. This finally shows that the gauge transformation of K pq is given by
From (4.2) the gauge transformation of δE pq is
Thus one can write
Then we find the gauge transformation of K pq as follows:
Given the gauge transformation of K pq , it is straightforward to derive the gauge transformation of K pq once we know the gauge transformation of g ij . The gauge transformation of g ij = 1 2 (E ij + E ji ) can be directly calculated from the gauge transformation of E ij (4.2), as follows:
where the property T kq = −T qk is used. Finally we find the gauge transformation of K pq from the definition K pq = g pi K ij g jq . The result is given by
Thus the full gauge transformation of K pq is given by
We explicitly checked the gauge transformation of K pq with both perturbative calculations and nonperturbative calculations (along the lines of section 4.2 of [4] ). From the perturbative calculation, we obtained the same result (4.17) up to second order in gauge parameters and fields. Non-perturbative calculation provided the verification that a few terms in (1.6) have the gauge transformation property given by (4.17).
Properties of gauge transformation of K pq
In the limit of nox dependence, the gauge transformation (4.17) of K pq reduces to
. 
which is consistent with the theorem in section 2.3.
Generalized metric formulation
The work in [5] describes the background independent double field theory [4] using the generalized metric H. The action is defined in (2.6) and its H-variation K M N is given in (2.9). By carefully varying the action with respect to H, preserving the constraint for H, R M N is defined by (2.10) whose vanishing is the equation of motion for the field H M N . Since this generalized metric formulation is just a different description of the work in [4] with the same constraint, K M N and R M N must be closely related to our K pq . This relation is more clear in the vielbein formulation of Siegel [9, 10] as elaborated in [5] . In this formulation the frame field e M A was introduced to define frame components of a tensor with the usual vector indices M, N, · · · . By fixing the GL(D, R) × GL(D, R) symmetry of the frame field, the generalized metric formulation with H can be written in terms of E ij .
We will first start with the gauge transformation properties of K M N and R M N and show that R M N is a generalized tensor. Then we will prove the equivalence (up to a sign) between R ab ≡ e M a R M N e N b and our K ab defined in (1.6) after gauge-fixing the GL(D, R) × GL(D, R) symmetry. Finally we give another derivation of the gauge transformation of K pq using the gauge transformation properties of a generalized tensor.
Proof that R M N is a generalized tensor from gauge invariance principle
Here we first investigate the gauge transformation property of K M N then prove that R M N is a generalized tensor from this property. Consider background fields H ′ and H which are related by H ′ = H+δH. The gauge invariance of the action (2.6) implies
where δ ξ denotes gauge transformations in this formulation. Now the gauge transformation property of H is given by the following:
where a generalized Lie derivativeL ξ is defined in (2.12).
Consider an object W in the generalized metric formulation. The gauge transformation of W can be decomposed into two parts: one corresponding to a generalized Lie derivative and the other being additional terms. This can be written as
so that W is a generalized tensor if and only if ∆ ξ W vanishes.
Using the same decomposition,
and the gauge transformation property of e −2d as a density are used for the first two terms in the second line of (5.4) to vanish. The constraint for δH is given by the equation (4.52) of [5] :
From the definition of the matrix S M N ≡ H M N , by lowering indices using η KM and η LN , one obtains
Thus, to satisfy (5.4), (∆ ξ K) M N must take the following form:
for some tensor T . In the matrix form, this can be rewritten as
From this argument, K M N does not necessarily need to be a generalized tensor. With a detailed calculation, we have verified that ∆ ξ K takes the form (5.8) with T given by
Thus ∆ ξ K has the claimed form above.
Now we prove that R M N is a generalized tensor. This can be shown by verifying the following:
where 11) from the definition of R M N (2.10). Using S 2 = 1 and the form of ∆ ξ K (5.8), we obtain the following result:
which proves the statement that R M N is a generalized tensor.
Explicit check of equivalence between R ab and K pq
The frame component R ab of R M N is defined by (5.62) of [5] :
We will show that R ab = −K ab , where K ab is defined in (1.6), once the GL(D, R)×GL(D, R) symmetry is gauge-fixed as follows:
This gauge fixing enables us to compare the results in vielbein formalism with the results written in terms of E. Here we will use the identities below. From (4.16) of [5] , the generalized metric H can be rewritten as follows:
The calligraphic derivatives in the double field theory are given by
which is from (5.58) of [5] . Now using the above two identities with some amount of calculation, we obtain the following result for all terms containing the dilaton d in (2.9):
(5.17)
These coincide (up to a sign) with the dilaton terms in (1.6). Other terms in (2.9) are calculated term by term, which yields the following results:
Then by summing up all the terms, one gets the following result: 27) where K in the form of (A.9) is used. Since different forms of K pq are equivalent up to the constraint, R ab defined in [5] is exactly our −K ab .
Gauge transformation of K pq from generalized metric formulation
The gauge transformation (4.17) of K pq was derived in section 4 using the gauge invariance of the double field theory action (1.1). It was also explicitly checked from perturbative and non-perturbative calculations. Since we showed that R ab = −K ab after gauge fixing, the gauge transformation of K pq can be derived from the gauge transformation property of R ab in the generalized metric formulation.
Here the gauge transformation properties of R ab will be investigated using the property that R M N is a generalized tensor. From the definition of R ab ≡ e M a R M N e Nb , the gauge transformation of R ab can be written as
Since R M N is a generalized tensor i.e. δR M N =L ξ R M N , the second term of (5.28) is determined. Other terms can be obtained from the gauge transformation of the frame fields. One can write the gauge and GL(D, R) × GL(D, R) transformations of the frame fields e M a and e Nb as follows: We need δe i a = δe jb = 0 in order to preserve the gauge condition. Then the GL(D, R) parameters become
Then with a little manipulation, the gauge transformation of R ab can be calculated as follows:
which is the same as the gauge transformation of K ab since R ab = −K ab . This result from the generalized metric formulation is another way to derive the gauge transformation of K pq .
Conclusions
In this paper we have thoroughly investigated the invariances and equations of motion in background independent double field theory [4] . The Ricci-like tensor K pq has been derived from the E-variation of the action ( Our results were compared with those in General Relativity. Contracted Bianchi identities in double field theory, derived from the gauge invariance of the action, have a structure similar to that of General Relativity. In the limit of nox dependence, they exactly reduce to the Bianchi identity of General Relativity. Similarly, the equations of motion R = 0 and K pq = 0 reduce to those in a conventional GR setup in this limit.
We examined the gauge transformation property of R M N and found that it is a generalized tensor using the gauge invariance of the action and the gauge transformation of K M N . Then we investigated the equivalence between R ab and K ab . Using these properties, we could derive the gauge transformation of K pq in the generalized metric formulation.
A Explicit Calculation of K pq
We will vary the action (2.23) with respect to E, starting from the last term of the action and proceed in the reverse order. Note that all equalities are up to integration by parts here and the constraint are used in a few places to simplify terms. First by varying the last term of the action (2.23), one can obtain
All other terms are varied in the same way, hence we do not display detailed calculation for other terms. By varying the second and third term in the second line of (2.23), one finds
To evaluate the rest terms now define
The variation of the above equations gives the following results:
By combining (A.8), (A.1), and (A.2), one obtains (2.24).
In section 5.2 the verification of the equivalence R ab = −K ab used the following definition:
which is the E-variation of the following action:
This action is equivalent to the actions (1.1) and (2.23) using the constraint, thus K pq defined in (A.9) is equivalent to that defined in (2.24).
B Proof of general O(D, D) structure of E-variation
Before starting the proof, note that the E-variation of Dd,Dd, DE,DE, and g ij satisfy the claimed structure in the theorem; we have checked this explicitly. The proof consists of three steps:
Step I. First we will consider an O(D, D) tensor T only with lower indices (i.e. no contractions of upper and lower indices or raised index with g ij ). Then we will show that the E-variation of T has the following O(D, D) structure: where T {k→l} is the tensor T with index l substituted for index k.
Before starting the proof, note that one can always use a reordering operation for the indices of a tensor T to define the following tensor:
where indices i k can be either unbarred or barred and m + l = n. This reordering operation sends all unbarred indices of T to the front. Then for this tensorT , the formula (B.1) becomes Step II. In this step we will show that any O(D, D) contraction (i.e. contraction with g ij and gīj) of the lower indices does not change the claimed structure. Here we will assume that a tensor T with only lower indices satisfy the formula (B.1). Consider some O(D, D) contraction between two indices of T . Using reordering operation, we can rearrange these two indices to be the first two indices. Then the variation of this contraction gives (for unbarred indices and barred indices respectively) which satisfy the formula (B.1). Note that since ∇g ij =∇g ij = ∇gīj =∇gīj = 0, any contraction inside covariant derivatives does not affect this formula.
Step III. Here consider a general O(D, D) tensor
. Using a reordering operation, one can defineT 8) 
